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The real options approach to strategic decisions has become a
powerful tool in analyzing strategic commitments under un-
certainty. Most studies that follow this approach within the
strategic management field share a salient characteristic—
the independence of strategic investments with other ongo-
ing strategic investments (Chang, 1995; Folta, 1998; Kogut,

1991; Mang, 1998). That is, they do not allow for the exist-
ence of interactions within a portfolio of strategic investments.
However, it is widely recognized that firms typically con-
sider a set of simultaneous strategic investments in similar
strategic domains, and that these investments often exhibit
important correlations (Madhok, 1997). Several different
studies show that extending single option analysis to mul-
tiple options analysis, in the presence of correlations between
the underlying assets, is far from straightforward (Johnson,
1987; McGrath, 1997; Stulz, 1982; Trigeorgis, 1996). Mul-
tiple options analysis is even more challenging when the firm
faces rivalry for the investment opportunity (Kulatilaka &
Perotti, 1998).

The purpose of this paper is to investigate the trade-off
between flexibility and commitment in the case of multiple
and simultaneous investments in oligopolistic markets. By
combining concepts from oligopoly and real options theory,
this paper builds a model of simultaneous compound op-
tions that mimics the strategic process of firms’ investments
across alternative market environments. The solution of the
model is a decision rule that optimizes the choice of a portfo-
lio of strategic investments.

The model loosens three common assumptions found in
previous real options studies: (1) the firm has monopoly over
an investment opportunity, (2) the product market is per-
fectly competitive, and (3) the value of one strategic option is
independent of the value of other simultaneous strategic in-
vestments. Kulatilaka and Perotti (1998) relax the first two
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assumptions within a compound option model. This current
study generalizes their work by relaxing the independence
assumption.

Following Kulatilaka and Perotti (1998), this paper as-
sumes that an initial investment results in the acquisition of
a capability that allows the firm take better advantage of fu-
ture growth opportunities. The source of option value comes
from the cumulative nature of this resource or capability. Given
that the capability is path-dependent, it is very difficult or
costly to make instantaneous adjustments of its level (Dierickx
& Cool, 1989). A firm can internalize the benefits of better
market conditions if and only if it has already developed cer-
tain resources or capabilities—that is, has bought an option.
As the main purpose of this study is to analyze the effect of
correlation between strategic options, the option is analyzed
in relationship with the rest of the portfolio. The critical fea-
ture of the portfolio is that the options are seeking a first-
mover–type of competitive advantage. Framed in this way,
the exercise of one option can negatively affect the value of
the remaining options of the portfolio. In addition, it affects
the value of the firm competitors’ similar options. This is the
case, for example, of a pharmaceutical company carrying out
research in a specific biotechnological domain through differ-
ent strategic alliances. Discovery of a drug by one alliance
diminishes or eliminates the value of the remaining related
alliances and that of competitors’ ongoing research in a simi-
lar technological domain.

The model’s two main findings are that the value of a new
strategic option in a correlated portfolio of investments in an
oligopolistic market has decreasing marginal returns, and that
the exercise of one option delays the exercise of other op-
tions. A commendable feature of the model is that previous
real options models can be shown to be special cases. More
important, the present model highlights the possibility of
having strategic investments that create value in isolation,
but destroy value when they are considered within a portfolio
of related investments. In addition, the model generates mar-
ket power and resource-based types of competitive advantages,
characteristics not fully explored in previous models.

A MODEL OF SIMULTANEOUS GROWTH
OPTIONS

The task of building competitive capabilities and strong mar-
ket positions requires significant resource commitments. Typi-
cally, a single firm cannot amass sufficient resources to finance
expansion in all profitable market opportunities. Partial com-
mitments often enable the firm to create an upper bound on
the risks associated with placing the bet so that the opportu-
nity will be realized, often by decreasing the total investment
cost to an affordable level. If the decision to make partial com-
mitments derives from the prospect of expanding into a new

product or market, which can materialize after additional in-
formation reduces environmental uncertainty, then this deci-
sion is equivalent to buying a call option. As stated above,
this study is concerned with those types of investments that
provide to the firm a first-mover competitive advantage (e.g.,
obtaining a patent). Therefore, when the firm has a portfolio
of this type of simultaneous investments, the decision to ex-
ercise the option is likely to generate a loss in the value in all
the remaining correlated options. Similarly, in the presence
of competitors with similar strategic approaches and in re-
lated products and markets, the decision to exercise this op-
tion is likely to generate a loss on the value in all the remaining
competitors’ equivalent options and may induce competitors’
divestiture of particular options. Divestiture arises because
the value of the investment includes both the cash flows stem-
ming from current assets and those stemming from asset re-
deployment or future expansion (Myers, 1977). The latter cash
flows are only realized if the business is expanded; therefore,
exercising the option requires further commitment.

The model distinguishes four investment alternatives: full
strategic commitment, minor resource commitment (“buy-
ing” a real option), major resource commitments (“exercis-
ing” the option), and divestitures (abandoning the unexercised
option). This paper assumes that two critical differences dis-
tinguish buying an option (minor resource commitment) from
fully committing resources. First, when the firm buys an op-
tion, investments are not entirely irreversible. Second, only
full commitments generate current income, which can be
appropriated by the firm. That is, the option value is contin-
gent upon the value of the corresponding major resource com-
mitment. Real options are temporary investment vehicles,
which will either disappear or be convened into a full strate-
gic commitment at some point in time. It is worth noting
that the only difference between a full strategic commitment
and a major resource commitment is the investment sequence.
Whereas the former consist in a “one-shot” investment, the
latter is conditional to the previous existence of a minor re-
source commitment. After the major resource commitment
is done, it generates the same cash flow stream as a similar
ongoing full resource commitment. In fact, every major or
full resource commitment is an option on future market
growth (a compound option).

The model departs from previous ones in several aspects.
Most previous real option models assume that each investor
owned a single undeveloped asset, which could become a de-
veloped asset by paying a strike price or development cost
(Brennan and Schwartz, 1985; Paddock, Siegel, Smith, &
Zeithaml, 1988; Titman, 1985). Departures from this assump-
tion have been scarce (e.g., Dixit & Pindyck, 1994; Trigeorgis,
1996; Williams, 1992) yet are critical if one is to incorporate
the effects of strategic interaction among firms into the analysis
of their investment decisions. The model also departs from
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the proprietary/single asset perspective. First, it assumes that
firms compete to accumulate capacity and fulfill demand
within each market. Second, it assumes that firms may have
simultaneous access to multiple real options within a market.
Ultimately, they may decide to develop only a subset of these
options into a major resource commitment.

In the model, each firm has initial access to a portfolio of
real options within the market for those options’ output.
Market size (demand) is assumed to grow stochastically over
time. At some point in time, the firm may decide to exercise
a subset of its options within the market, converting them
into major resource commitments. The firm will then use
these investments as vehicles to expand its activities within
the market. In subsequent periods, the firm will further de-
velop internally these investments, trying to catch up with
market growth. The remaining options will lose strategic im-
portance to the firm and will be divested. As long as the mar-
ket keeps growing over time, the firm can always marginally
increase its market presence. Thus, the option to expand in
the market never expires, and each new round of financing
corresponds to exercising an additional stage in a compound
option with infinite stages.

Each firm is a player in a Cournot game with conjectural
variations specific to each of its options’ output markets. A
firm’s current market sales are derived from an expression for
the optimal output from aggregate investment sales in that
market. In order to attain its optimum output goal in a mar-
ket, the firm develops an optimal number of fully committed
strategic investments. The optimum is derived as the Cournot
solution to a capital accumulation game involving all the firms
in the market.

Three stylized facts of firms’ growth are explicitly incor-
porated in the options model. (1) When a firm behaves as an
oligopolist, its actions can affect product market prices, and
thereby the sales of all firms in the market. How each firm
responds in equilibrium depends partly on the degree of ri-
valry among firms. (2) If firms face increasing marginal costs
of option development, then the aggregate cost of option de-
velopment depends on the aggregate demand for option de-
velopment, which is a function of the untapped demand for
the aggregate output from developed options. The resulting
equilibrium affects each firm’s optimum exercising policy and
imposes restrictions on the number of real options that are
actually developed into major resource commitments. (3) The
model permits firms to hold a portfolio of real options within
each market. A major resource commitment causes the up-
side potential value of the remaining options belonging to
the firm’s portfolio to fall. Therefore, the calculation of the
net capital gain from developing options takes into account
the expected negative effect of development upon the value of
the firm’s undeveloped option portfolio, as well as the effect
of possible retaliation by the firm’s competitors with similar

options. This stylized feature is critical, as a failure to con-
sider the expected negative effect on the firm’s undeveloped
option portfolio would induce investments that destroy value.

The model is set up in three stages. First, it derives from
Cournot first-order profit maximization conditions an expres-
sion for each project’s current income. Second, it addresses
the issue of change in a project’s income over time. This im-
plies determining expressions for market growth and for the
dynamics of full investments supply. Third, the results from
the first two stages are incorporated into two option valua-
tion expressions to determine the market values of the port-
folios of options and full commitment investments.

Project Current Income

Consider a market segment s within which the firm i devel-
ops K

si
 majority investments during period t. The set of these

K
si
 investments is designated as a full commitment invest-

ment si. The profit function of a full commitment invest-
ment si within market segment s, and the corresponding
Cournot first-order profit maximization conditions, are given
by the following expressions:

( )Π = − −si si si si siP q TVC q c (1)

( )( )
( )

⎡ ⎤Π = + +⎣ ⎦

− =

si si s si s s sj si

si

d dq P q dP dQ dQ dq

MC q

/ / 1 /

0,
(2)

where Π
si
 is the profit of full commitment investment si within

s, P
s
is the market price of output from full commitment in-

vestment si within market segment s, q
si
 is the output from

full commitment investment si within s, q
sj

 is the output from
other full commitment investment within s (j ≠ i), Q

s
 =

Σ
j≠i

q
sj

+ q
si
 is the aggregate output from all firms’ full com-

mitment investments within market segment s, TVC(q
si
) is

firm i’s total variable cost function within s, c
si
 is firm i’s total

fixed cost of developing a full commitment investment within
s, MC(q

si
) is firm i’s marginal cost function within s, and dQ

sj
/

dq
si
 = Σ

j≠i
dq

sj
/dq

si
 is the conjectural derivative of q

sj
 with re-

spect to q
si
.

The expression for full commitment investment si’s mar-
ginal revenue from Equation (2) can be transformed as fol-
lows (Scherer & Ross, 1990: 229):

( )( )
( ) ( )

⎡ ⎤− −⎣ ⎦

= − −

s si s s sj si

s s s si sj si

P q dP dQ dQ dq

P P e s dQ dq

/ 1 /

/ 1 / ,
(3)

where e
s
 is the own-price output demand elasticity within mar-

ket segment s, and s
si
 is the market share of full commitment

investment si.
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With a little algebra and some standard assumptions (see
Appendix A) it is possible to arrive at the following expres-
sion to y

si
, which is the current income from a full commit-

ment investment:1

( ) ( ) ( ) −⎡ ⎤= κ ν −⎣ ⎦si si si si si s ss sy s e s e x q
22 2 2 21/ / / . (4)

Change in Project Over Time

The exogenous variable market size x
s
 changes stochastically

through time, and it is assumed to follow a geometric Wiener
process

= µ − σs s s sdx x dt dz/ , (5)

where µ
s
 and σ

s
 are the mean and standard deviation of the

growth rate in the exogenous market size x
s
, and the variables

t and z are time and a standard Wiener process. As it is as-
sumed that the market growth rates dx

s
/x

s
 are correlated across

market segments, the values of different categories of projects
can be correlated in equilibrium.

At all times, there are n firms operating within each seg-
ment s, where a segment is one line of business in one geo-
graphic area. These firms are assumed to develop majority
investments in accordance with a Cournot capital accumula-
tion game. This is a prototypical model that has an extremely
simple structure, but that has basic properties that are the
same as those of more general models (Tirole, 1988: 315).
Consider a market segment s within which firm i competes
with (n

s
– 1) other firms. Let the demand for capital K

s
 = β

s
P

s
,

where P
s
 is the market price of capital, and let us define each

firm i’s total capital accumulation cost function as

=si si siTC c K . (6)

K
s
 is the number of majority investments developed by

firm i within s, and c
si
 is the investment marginal cost of firm

i. If c
sj
 is set at c

sj
 = 1, for all j ≠ i, then C

si
 = c

si
/c

sj
 can be

interpreted as the relative cost disadvantage of firm i over its
competitors. Given Equation (11) and other restrictions to c

si

(see Appendix B), the optimal levels of K
si
 and K

s2
 = Σ

j≠i
K

sj
 are

as follows:

( )( ) ( )( )= − β − − −si s s s siK n n C1/ 1 1 1 (7)

( )( ) ( )( )( )= + β + − +s s si si sK n C n2 1/ 1 1 2 . (8)

If all firms invest at their optimal Cournot level over pe-
riod t, then

( )( ) ( )( )− = − β − − −si s s s s si s sK K n n C n n2 / 1 1 / . (9)

Total development cost by firm i is given by K
si
C

si
. Notice

that an increase in the cost disadvantage C
si
 leads to a reduc-

tion in the size of the full commitment investment K
si
 devel-

oped by firm i. The restriction that total development cost of
firm i is increasing in C

si
, or dT(C

si
)/dC

si
 > 0, for all C

si
, is

imposed. This holds for all β
s
 and C

si
, such that C

si
 < (1/2n

s
)(β

s
–

1 – n
s
).

The aggregate supply q
s
 of majority investments changes

deterministically through time, in accordance with the fol-
lowing expression:

= = −s s s s si sidq q b K I K2/ , (10)

where b
s
 is the aggregate observed development rate within a

specific segment s, and I
si
 is a decision variable for firm i,

corresponding to the proportion of K
si
 that it effectively de-

cides to develop during period t, according to the option
model’s solution.

Market Value of Full Commitments and Real Options

The current market value of each minor resource commit-
ment (real option) and full commitment investment can be
specified as Vu

si
(q

s
,x

s
) and Vd

si
(q

s
,x

s
), respectively. The number

of options held by each firm i within market segment s at the
end of period t is designated by ω

si
. The risk-adjusted ex-

pected growth rate for y
si
 is defined as ρ

si
 = µ

s
 – λ

si
σ

s
, where µ

s

and σ
s
 were defined in Equation (5). The parameter λ

si
 ≥ 0 is

a coefficient of risk aversion for firm i, equal to the excess
mean rate of return required by investors in each market seg-
ment. This parameter is equal to 0 for risk-neutral investors,
and positive for risk-averse investors. To ensure that the val-
ues of the real options and the full commitment investments
are positive and finite, the risk-adjusted mean ρ

si
 must be

upper-bounded ρ
si
 < ι

si
, where ι

si
 is the risk-free interest rate

available to firm i. The valuation functions for a full commit-
ment investment and a minor resource commitment (real
option investment) are given by the following Black and
Scholes expressions (see Appendix C):

( )

( ) ( )( ) −

= σ + + + ρ

⎡ ⎤−ι + κν +⎣ ⎦

si s sixx s si si s siq si s six

si si s si s s

x VD K I K q Vd x Vd

Vd e s x q

2 2
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2 2 2

1
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2

1/ 1 1/
(11)

and

( )

( )}−

⎧
⎨= σ + +
⎩

+ρ −ι +

ω − −

si si s sixx s si si s siq

si s six si si

si si si si si

I x Vu K I K q Vu

x Vu Vu

K Vd Vu K C

2 2
2

1

1
0 max

2

,

(12)



Valuing Strategic Growth Options 91

where the subscripts x and q symbolized derivatives.
In addition, Vd

si
 and Vu

si
 are subject to the following con-

straints:

( ) ( )= =si siVd q Vu q,0 ,0 0 (13)

( ) ( ) ( )( ) −≤ κ ν + −∞si si s s si s sVd q Z e s x q  x2 2 2,0 / 1 1/ as (14)

and

( ) ( ) ( ) −⎡ ⎤≤ κ ν + −∞⎣ ⎦si si s s si s sVu q Z e s x q  x2 2 2,0 / 1 1/ as . (15)

Constraint (13) is an implication from Equation (5): if x is
ever zero, it will remain zero, so the project has no value.
Conditions (14) and (15) just say that if full commitment
investment and real option are to have a finite price–earnings
ratio, then their value per unit of income must be bounded
above by some positive constant Z. Together, Equations (11),
(13), and (14) determine the value of a full commitment in-
vestment, whereas Equations (12), (13), and (15) determine
the value of the real option.

Equation (12) differs from the corresponding equations for
financial options because, as Vd

si
 depends on the market elas-

ticity e
s
 and firm’s i market share s

si
, developing an option into

a majority investment (or calling and option) affects Vd
si
. This

does not happen in financial options’ models, where the op-
tions have zero net supply. Another particularity of this real
option model, stated in the first section, is that the options to
develop real assets can be exercised in Equation (12) no more
rapidly than the development rate of each developer. This il-
lustrates the path-dependent nature of the resources and ca-
pabilities.

The valuation functions of Equations (11) and (12) can be
solved for Vd

si
(q,x), Vu

si
(q,x), and a switching point y

si
, which

represents the current income level at which firm i develops
an option into a major commitment. At the solution to Equa-
tion (12), each firm i develops minority (options) into major
commitments at rate I

si
*K

si
. The last term in Equation (11) is

the current income y
si
 from a full commitment investment.

To understand the last term in Equation (12), note that firm
i converts I

si
*K

si
 option into major commitment per unit of

time, using its portfolio of ω
si
 options within market seg-

ment s. Firm i, therefore, converts I
si
K

si
/ω

si
 units of its option

portfolio within s into one full commitment investment per
unit of time. This generates a capital gain of Vd

si
 – Vu

si
 – C

si
K

si

per full commitment investment, which is equivalent to a
capital gain of K

si
ω–1(Vd

si
– Vu

si
 – C

si
K

si
) per option. This gain

reflects the dependence of the value of undeveloped options
Vu

si
 on the concurrent value of developed options Vd

si
. With

imperfectly competitive firms, this gain may be positive,
whereas it should be zero under perfectly competitive condi-

tions. In other words, in this model, market power is one
source of competitive advantage.

MODEL SOLUTION

The previous section provides the valuation functions for dif-
ferent types of commitment. The next step is to determine
the decision rule for whether to partially or fully commit re-
sources. Following Williams (1992) and Ravara (1994), the
model is solved in five steps. First, it is temporarily assumed
that there is a finite and nonnegative level of current income
y = y* from each full commitment investment, above which
firm i is willing to convert an option j into the corresponding
major commitment j. Second, Equations (11), (13), and (14)
are solved for F, the asset value of full commitment invest-
ment. Third, the expression for F is plugged into Equation
(12), and Equations (12), (14), and (15) are solved for G, the
value of the options. Fourth, the values of F and G are used to
find the switching point y*. Fifth, the switching point y* is
shown to verify the temporary assumption in the first step
above.

In order to solve the investment problem above, the fol-
lowing transformations are made: Vd(q,x) = F(y), and Vu(q,x) =
G(y). With these transformations, F(y) and G(y) are the cur-
rent market values of the full commitment investments and
the real option investments, respectively, conditional only on
y per full commitment investment. Because both Equations
(11) and (12) are linear on the decision variable I

si
, then the

optimal I
si

* will be either zero or one (Dixit & Pindyck, 1994).
The following inequalities are temporarily assumed to hold:

si si
si

si si

y y
I

y y

*
*

*

0 if 0
.

1 if

⎧ ≤ ≤⎪
⎨
⎪ ≤ ≤∞⎩

(16)

In accordance with Equation (16), I
si
 is redefined as I

si
(y),

such that I
si
(y) = 0 if 0 ≤ y ≤ y*, and I

si
(y) = 1 if y* ≤ y ≤ ∞.

With Equation (16) and the transformation suggested above,
the valuation functions (11) and (12) are given by expressions
(17) and (18):

( )iy F K IK yF F y2 2
2

1
0

2
′′ ′= σ + ρ+ + −ι + (17)

( )

( )

i

i i

y G K IK yG G

 K F G K I

2 2
2

1
0

2

/ ,

′′ ′= σ + ρ+ + −ι

+ ω − −
(18)

where K
i
 and K

2
 were defined in expressions (7) and (8), re-

spectively. The subscripts were dropped to simplify the expo-
sition. The last term in Equation (18) is the capital gain
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resulting from the development of a D-position. This value is
zero for ω = ∞, and different for zero otherwise. After re-
arranging terms, Equation (18) becomes

( ) ( )

( ) ( )( )

i i

s i

y G K IK yG IK G

 C F K I

2 2
2

1
0 /

2

1 2 / 3 .

′′ ′= σ + ρ+ + − ι+ ω

+ β + − ω −
(19)

Let π represent a generic parameter, and consider param-
eter values that satisfy the assumed inequalities in Equation
(19). The coefficient of the control I

si
(y) in Equation (19) is

proportional to the value H(y|x) from the following function:

( ) iH y F G yG K .′π = − −ω − (20)

Notice that if Equation (16) is true, then y* is the current
income level at which the firm is indifferent between keeping
a U- or a D-position on market segment s over time period
t—it is the solution to H(y*|π) = 0. Moreover, given Equa-
tion (16), this root satisfies the condition H′(y*|π) > 0. Un-
der these conditions, it can be concluded that a sufficient
condition for development to be delayed when the value of
parameter π increases is that H(y*|π) be decreasing in π. The
conditions under which H(y*|π) is decreasing on a parameter
π can be seen by examining Equation (20). F is the value of a
D-position, and G is the value of a U-position. The third term,
ωyG′, is the effect of developing a D-position on y, and thereby
upon the value of the remaining U-positions in the firm’s
portfolio. When expressed as a function of q and x, the third
term in Equation (20) assumes the following form:

( ) ( ) ( ) x
si s si si si si sis ss e s e x q G

22 2 2/ / / .−⎡ ⎤ ′ω υ κ −⎣ ⎦ (21)

Expression (21) is increasing on x, ω, and s/|e| for s/|e| < 0.5,
and is decreasing in υ, κ, and q. With perfectly competitive
ventures (q = ∞), the term G′ becomes equal to zero. Fur-
thermore, if each real option produces a positive amount of
output, then an infinite proportion of real options relative to
firm’s majority commitments (υ = ∞) also causes the term G′
to be equal to zero. Hence, the following conclusions may be
made:

1. With financial options, the first term in Equation (20)
is independent from all parameters, and the third
term is zero. Therefore, a larger value of a parameter π
increases the switching point y* and thereby defers
optimal exercise of the option if and only if it also
increases the value of the option at y*, G(y*|π).

2. With real options and either perfectly competitive
conditions among firms or an infinite proportion of
independent options relative to firm’s majority

commitments, larger parameter values increase the
switching point y* if and only if they also increase the
difference between the values of the U- and D-
positions at y*, G(y*|π) – F(y*|π).

3. Finally, with real options and either imperfect compe-
tition among firms or a nonzero proportion of firm’s
options relative to independent options, larger values
of π defer the option exercise if and only if they
decrease the value of the difference G(y*|π) –
F(y*|π) – ωyG′(y*).

Equations (17) and (19) are second-order first-degree dif-
ferential equations and can, therefore, be solved analytically
for the values of F and G (see Appendices D and E) so:

[ ] [ ]

[ ] [ ]

s

s

r s r d r d s s y y y

 y y y

F y

r s r d r d s s y y y

 y y y

* * 1
1 2 1 11 1 11 1 2

*
1

* * 2
1 1 1 12 1 12 1 2

*
2

( ) ( )  ( / )

if 0

( )

( ) ( ) ( / )

if  

⎧ − − −
⎪
⎪+ ξ ≤ ≤
⎪
⎨=
⎪

− − −⎪
⎪
+ ξ ≤ ≤∞⎩

(22)

(23)

[ ] [ ]

[ ] [ ]

r r d r d y y y

y y

G y

r r d r d y y y

y y

1

2

* *
2 2 2 21 2 21 1 2

*
1

* *
2 2 2 21 2 22 1 2

*
2

( ) ( )  ( / )

if 0

( )

( ) ( )  ( / )

if .

η

η

⎧ −η − η −η
⎪
⎪+θ Ω ≤ ≤
⎪
⎨=
⎪

−η − η −η⎪
⎪
+θ Ω ≤ ≤∞⎩

(24)

(25)

Since y* is the unique root to H(y) = 0, its value can be
calculated through substituting the values for F, G, and G′
into Equation (20), where F, G, and G′ are obtained from
Equations (23) and (25), for the case y > y*. Equation H(y*) =
0 has the following solution:

θ
−

ϖ=
− +

i
i

K C
CK

y
A A A

2
2

* ,
1 2 3

(26)

with

( )
( )

⎛ ⎞− −
= −θ −θ⎜ ⎟

⎝ ⎠ω−
i

i

r s r d K
A K s

r d s s
1 1 1 12

2 2 2
1 12 1 2

1 1

( )
( )

( )
−η −

= +ωη
η −η

r r d
A

r d
2 1 22 22

2
22 22 1 2

2 1



Valuing Strategic Growth Options 93

⎛ ⎞
= ξ −θ⎜ ⎟

⎝ ⎠ω
iK

A 2 23 1 .

It can be proved that Equations (22), (23), (24), (25), and
(26) satisfy the switching condition (16). See Appendix F for
the proof.

NUMERICAL ANALYSIS

This section generates a set of critical results derived from
function (26). Given that y* is the root of H(y), and dH(y)/dy
is increasing in the vicinity of y*, a state variable change ac-
celerates development of full commitment investment if it
either causes H(y) to shift upward (y* has to decrease to en-
sure that H(y*) = 0), or if it causes y to increase, and thereby
generates an increase in F(y) – G(y) – ωyG′(y) – K

i
C along

H(y). Therefore, two types of effects exist: those that induce a
movement on the value of y and those that induce a move-
ment of the value of y* and, therefore, shift the curve H(y).
Equation (26) shows that y* is a function of many variables
that do not affect y. In order to focus the analysis in the effect
on the individual options of having a portfolio of simulta-
neous and related options, this study analyzes variables that
only affect y*.

The complexity of the functions makes it very difficult to
obtain an analytical solution for the effect of changes in the
model variables on the investment policy. This section pro-
vides, instead, a numerical analysis. Fortunately, the results
are highly stable under wide ranges of parameters. The initial
scenario is that of a firm with a single option, a (unit) cost
disadvantage of 33 percent, and no risk aversion. The market
grows at 15 percent annually with 25 percent of volatility,
and the risk-free rate is 6 percent. Table 1 summarizes the
effects of changes in the subset of variables upon y* and, there-
fore, H(y*). It also gives the initial values used to generate the
results and the range in which these results are robust, keep-
ing the other variables at their starting values.2

It is worth noting that the model can mimic the results of
traditional financial models for individual options (Black &
Scholes, 1973; Merton, 1973). Similar to what occurs with

financial options, an increase in the market growth rate µ
tends to accelerate development, whereas increases in market
variance σ, the risk-free interest rate ι, or the risk-aversion
coefficient λ, tend to delay development.

This study’s central concern is on the economic effect of
the presence of interdependence between simultaneous stra-
tegic investments. Therefore, the numerical analysis focuses
on the marginal effect of a new strategic option on the overall
value of the portfolio and on the exercise policy of the re-
maining options. For this purpose, it simulated the effect of
new options (i.e., increase in ω) on H(y*). Figure 1 shows the
geometry of the effect—the “portfolio effect.”

As Figure 1 shows, a new strategic option increases the
value of the switching point at a decreasing rate. Therefore,
the value added of the option, compared to the value added of
a full commitment, increases at a decreasing rate. This means
that, because the switching point y* has to increase in order
to ensure that H(y*) = 0, an increase in ω causes development
to be delayed. It can be concluded that:

TABLE 1
Summary of Comparative–Static Results

Parameters ωωωωω C µµµµµ σσσσσ λλλλλ ιιιιι

y* + + – + + +
Starting value 1.0 1.5 0.15 0.25 1.0 0.06
Upper value ∞ ∞ 10.0 3.0 ∞ ∞
Lower value 1.0 0.01 0.01 0.0 0.01 0.01

Notes: ω = number of undeveloped options in firm 1’s portfolio; C = investment cost disadvantage of firm 1 regarding firm 2; µ = annual growth rate of
the market; σ = annual sales variance faced by firm 1; λ = firm 1’s risk-aversion coefficient; and ι = risk-free interest rate.

FIGURE 1
Portfolio Effect

Notes: x ≡ ω and y ≡ H(y*).
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1. New partial commitments in a correlated portfolio have
decreasing marginal returns; and

2. The greater the number of competitive options (ω), the greater
are the incentives to delay developments.

These results are particularly interesting. For an option to
be worthy, it is not enough to have a positive option value by
itself, but only in relation to the rest of the portfolio. In order
to create value, the flexibility gain of a single option should
compensate the marginal losses due to the presence of corre-
lation with other ongoing options. These findings are consis-
tent with similar studies in the financial literature, in
particular, those of Stulz (1982) and Johnson (1987) for the
contract “an option on the maximum of several assets.”

The final analysis refers to the effect of the presence of com-
petition on the option value of the strategic investments. Com-
petitors usually place different values on a new capital
commitment, varying according to the levels of synergy be-
tween the project and the firms’ overall organizations. The ex-
pected outcome is, therefore, that the party placing the higher
value on a new capital commitment first exercises the option.
The variable C (cost disadvantage) captures this phenomenon.
The net effect of a decrease in C is a backward shift in H(y),
which, in turn, causes y* to decrease, and thereby accelerates
developments. In other words, better capabilities regarding
competitors overcome with the costs associated with uncertainty,
and this allows the firm to exploit current opportunities. There-
fore, another central result from the numerical analysis is:

3. Firms with cost advantages prefer high-commitment
investment modes.

This result shows that real options theory supports both
market power and resource-based sources of competitive ad-
vantages. Market power is the result of the oligopolistic struc-
ture of the industry. The model generates a Cournot
equilibrium, which implies supracompetitive returns. These
abnormal returns are generated for cases of high uncertainty
and are modeled using Ito’s process. Resource-based competi-
tive advantages come from the assumption of imperfect mar-
ket. In particular, the model can reach the equilibrium having
firms with different cost structures—that is, it is applicable
to situations of different resources and capabilities.

DISCUSSION

This study develops a model that provides a decision rule for
simultaneous and related strategic investments with a com-
pound option value. This decision rule stresses the possibility
of destroying value if the correlation between the strategic
options, and between the firm and its competitors’ unit costs,
are not taken into consideration. The main message is “not

every option in isolation has a positive option value that is
worthy.” This highly important result for strategic manage-
ment scholars and for practitioners is underemphasized in the
current literature. McGrath and MacMillan (2000: 183) point
out how common it is in companies to observe a failure in the
design of the portfolio of strategic investments, having over-
lap between options in a confusing fashion.

The model has limitations. Chi (2000) shows that it is dif-
ficult to gain an accurate understanding of a particular strate-
gic situation without explicitly modeling its structure. Stated
differently, not every option model is worthy for every situa-
tion. In particular, the model developed here is only valid for
a specific context: the case of a portfolio of compound options
that gives the firm a first-mover competitive advantage in a
market with an oligopolistic structure. The investments refer
to a specific resource or capability that allows the firm to cap-
ture market growth before its competitors. In order to ac-
complish its objective, the model assumptions regarding the
external environment are somewhat underrepresented. Mar-
ket growth rates are correlated across markets, whereas com-
petitors’ strategic decisions are only relevant within the market
under analysis. Natural markets may present challenging com-
plexities. For example, it is reasonable to expect the presence
of multipoint competition between competitors. If this were
the case, it would also be possible to observe the holding of
the mutual forbearance hypothesis, making invalid the as-
sumption of a Cournot equilibrium. To what extent the model’s
conclusions are still valid under these circumstances is a mat-
ter for future exploration.

Another highly interesting topic to explore is whether the
model holds up in the presence of a special type of capability:
the ability to create and configure the optimum portfolio of
strategic investments. An example is the case of a joint devel-
opment of capabilities—that is, strategic alliances. If the firm
has a portfolio of first-stage options, it might not have the
resources or the willingness to develop all of them into sec-
ond-stage options. In such a situation, the aggregate value of
the firm’s undeveloped investment portfolio is magnified rela-
tive to the value of its achievable developed investment port-
folio, and the firm is likely to become very sensitive to the
negative effect of development on the value of its undevel-
oped (partial) commitments. When the firm is carrying out
many strategic alliances, the negative effect may include a
deterioration in business relationships between the investing
firm and its partners in first-stage options. Then, the firm is
even more sensitive to the negative effect of development on
the value of undeveloped commitments. Therefore, firms will-
ing to build capabilities through a network of partners should
focus on their capabilities to manage portfolios of simulta-
neous and related growth options, as opposed to managing
exclusive options within a portfolio.
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CONCLUDING REMARKS

This paper investigates the trade-off between strategic flex-
ibility and commitment for cases of multiple and simulta-
neous strategic investments in oligopolistic markets with high
uncertainty. Previous real options models have analyzed stra-
tegic investments with independence among simultaneous
investments. Whereas the independence assumption may be
appropriate when investments have no interactions, it may
introduce important biases in the presence of correlation be-
tween the outputs of such investments. Because interactions
between strategic options diminish the marginal return of
adding a new option to the portfolio, firms must evaluate
new strategic commitments conditional on the existence of
other ongoing commitments. Stated differently, an uncritical
extension of previous real options results to situations of in-
teractions within the portfolio can be misleading and, even
worse, can encourage strategic investments that destroy eco-
nomic value.

This paper demonstrates the usefulness of real option con-
cepts in identifying sources of competitive advantage. It in-
corporates a strategic option that leads to a first-mover–type
competitive advantage and highlights the presence of market
power and idiosyncratic capabilities as a means of achieving
abnormal returns. This offers a new twist to Kulatilaka and
Perotti’s (1998) goal of reconciling the real options and strate-
gic approaches to the optimal use of strategic investments.

NOTES

1 The current income y
si
 is restricted to be nonnegative, which

is verified for |e|
s
 ≥ s

si
, and to be increasing in s

si
/|e|

s
, which is

verified for s
si
 < (|e|

s
/2). Notice that y

si
 is an increasing function of

x
s
, and a decreasing function of q

s
, κ

si
, and υ

si
.

2 The upper and the lower values were also analyzed changing
simultaneously the value of more than one variable. As no sig-
nificant modifications were found in the range, the results are
not reported here.
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APPENDIX A
DERIVATION OF THE CURRENT INCOME FOR A

FULL COMMITMENT INVESTMENT

It is assumed that TVC(q
si
), and therefore MC(q

si
) = 2κq

si
. Sub-

stituting both in Equation (3) and the expression for MC(q
si
)

into Equation (2), and manipulating terms, the expression
for the optimal output q

si
* from full commitment investment

si is

( ) ( ) ( )si si s s s si sj siq P P e s dQ dq* 1/ / 1 / .⎡ ⎤= κ + +⎣ ⎦ (A1)

From Equation (4) there are three special cases:

1. In the extreme case of dQ
sj
/dq

si
 = 1, rivals fully offset

production changes by a full commitment investment
i, and perfectly competitive conditions hold.

2. For dQ
sj
/dq

si
 = 0, firms take other firm’s output levels

as fixed, and standard Cournot oligopoly conditions
hold.

3. For dQ
sj
/dq

si
 > 0, full commitment investment si

expects rivals to match, at least partially, its output
adjustments. Perfect matching, dQ

sj
/dq

si
 = 1, would

generate perfect coordination (monopolistic collu-
sion).

Given q
si

*, the income function net variable costs for full
commitment investment si is given by the following expres-
sion:

( ) ( )
( ) ( )( )

⎡ ⎤= + +⎣ ⎦

κ −

si s si sj si

s si s si

y e s dQ dq

P P AVC q*

1 1/ 1 /

/ .
(A2)

Notice that once the firm has incurred its fixed investment
costs c

si
, y

si
 > 0 is a necessary and sufficient condition for the

firm to keep producing output from its investment position
si. Expression (A2) can be restated as follows:

( ) ( )( )
( )( )

si s si si s sj si

s si s sj si

y P s e dQ dq

P s e dQ dq

/ 1 / 1 /

/ 1 / .

⎡ ⎤= κ − −⎣ ⎦

⎡ ⎤− −⎣ ⎦
(A3)

Assuming standard Cournot oligopoly conditions dQ
sj
/dq

si
=

0, expression (A3) becomes

( )( ) ( )( )si s si si s s si sy P s e P s e/ 1 / / .= κ − − (A4)

Aggregate demand Q
s
D within market segment s is given by

the following expression:

D
s s sQ x P/ ,= (A5)

where x
s
 is market size in dollars. From Equation (A5), P

s
=

x
s
/Q

s
D. If the market is in equilibrium, then Q

s
D = Q

s
S, where

Q
s
S is the output aggregate supply within s. Assuming that

Q
s
S is inelastic in the short run, and therefore a production

capacity constraint is binding, total dollar market size x
s
 is

determined only by the position of the Q
s
D curve. If the short-

run production capacity Q
s
S is assumed to be related to the

number q
s
 of all firms’ full commitment investments within s

through a constant proportionality coefficient υ > 0, P
s
 can

be redefined as P
s
 = x

s
/υ

s
/q

s
. Substituting x

s
/υ

s
q

s
 into expres-

sion (A4) generates the final expression for y
si
.

APPENDIX B
ADDITIONAL CONDITIONS OF THE CAPITAL

ACCUMULATION GAME

Assume that the following inequality holds for all c
si
:

( ) ( )si s s sj
j i

c n c1/ 1/ .
≠

⎡ ⎤
≤ β⎢ ⎥

⎣ ⎦
∑ (B1)

Then there is a unique Cournot equilibrium with equilib-
rium price P

s
, defined as

( )( ) ( )s s s sj
j i

P n c1/ 1 1/ .
≠

⎡ ⎤
= + β⎢ ⎥

⎣ ⎦
∑ (B2)

Each firm is assumed to know its competitor’s marginal cost
function, and to believe that all its competitors will invest in
accordance with their Cournot reaction functions. The profit
function Πsi of MNE

i
 is specified as

si
si sj i si i si sj si

j i

K K K K K c( , ) ,≠
≠

⎛ ⎞
⎜ ⎟Π = β − − −
⎝ ⎠

∑ (B3)

where K
si
 and K

sj
 are the numbers of majority investments

developed by firm i and each of its competitors, respectively;
and c

si
 is the investment marginal cost of firm i. The coeffi-

cient β
s
 is the industry development potential in the absence

of development costs. This function has two properties that
are necessary for the generalization of the results to more gen-
eral profit functions. First, each firm reacts negatively to capital
accumulation by the others (the derivatives Π

j
si are all nega-

tive). Second, each firm’s marginal value of capital decreases
with the other firm’s capital level (Π

j
si < 0)—that is, the capi-

tal levels are strategic substitutes.
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APPENDIX C
VALUATION FUNCTIONS FOR A FULL
COMMITMENT INVESTMENT AND A

REAL OPTION POSITION

Equations (11) and (12) were derived through reproducing
the return and risk characteristics of both a full commitment
investment and an option position through portfolios of ex-
isting traded assets. The values of F and G must then equal
the market values of these portfolios. It was assumed that the
uncertainty associated with F and G follows Ito’s processes.
The Ito processes associated with the derivation of expres-
sions (11) and (12) are explained at the end of this Appendix.

In general, let F = F(y) be the value of a firm’s opportunity
to invest in a risky project, with y = y(x,q). To find F(y) and
the optimal investment rule, consider the return of the fol-
lowing portfolio: hold the option, which is worth F(y), and
go short dF/dy units of the project. The value of this portfolio
is P = F – F

y
dy, where F

y
 = dF/dy. The short position in this

portfolio will require a payment of δyF
y
 dollars per time pe-

riod, or no rational investor will enter the long-side of the
transaction. This corresponds to the dividend stream δy times
the F

y
 units of the project. The total return from holding the

portfolio over a short time interval dt is

y ydF F dy yF .− − δ (C1)

If this return is risk free, then F
v
 must be chosen so that

Equation (C1) equals the risk-free rate r(F – F
v
)dt—that is,

( )y y vdF F dy yF r F F dt.− −δ = − (C2)

Using Ito’s lemma (see below), the expression for dF is de-
fined as

( )y yydF F dy F dy
21
.

2
= − (C3)

Assuming that y follows a geometric Brownian motion
process dy = µydt – σydz, Equation (C3) can be rewritten as

y y yydF yF dt yF dz y F dt2 21
2 .= µ +σ − σ (C4)

Finally, substituting Equation (C4) into (C2), and rearrang-
ing terms, it can be noted that the terms in dz cancel out, and
the portfolio is risk free:

yy yy F dt ryF rF2 21
0.

2
σ + − = (C5)

The generic expression (C5) has the same structure as that
in Equations (11) and (12). These expressions can be repro-

duced through following the sequences of steps described
above, and substituting expression (C4) with expressions (C13)
and (C14), which are derived below.

Ito’s Equation for Two Ito Processes

The Black and Scholes expression for one Ito process is

( )t x xx xdF F a x t F b x t F dt x t F dz2( , ) 1/2 ( , ) , .⎡ ⎤= + + +⎣ ⎦ (C6)

An extension of expression (C6) to two Ito processes x
1
 and x

2

holds the following expression:

( ) ( )

( ) ( )

( ) ( )
( ) ( )

t x x

x x x x

x x

dF x x F a x x t F a x x t F

b x x t F b x x t F dt

b x x t b x x t

b x x t F dz b x x t F dz

1 2

1 1 2 2

1 2

1 2 1 1 2 2 1 2

2 2
1 1 2 2 1 2

12 1 1 2 2 1 2

1 1 2 1 2 1 2 2

( , ) , , , ,

1 1
, , , ,

2 2

, , , ,

, ,  , , ,

⎡= + +⎣

⎤
+ + ⎥⎦

+ρ

+ +

(C7)

where ρ
12

 = E(dz
1
dz

2
)/dt.

Since the process dq/q in Equations (11) and (12) is deter-
ministically defined by expression (10), b

2
 = 0. Therefore,

Equation (C7) can be simplified as

( ) ( ) ( )

( ) ( )

t x x

x x x

dF x x F a x x t F a x x t F

b x x t F dt b x x t F dz

1 2

1 1 1

1 2 1 1 2 2 1 2

2
1 1 2 1 1 2 1

, , , , ,

1
, , , , .

2

⎡= + +⎣

⎤
+ +⎥⎦

(C8)

APPENDIX D
MARKET VALUE OF A FULL COMMITMENT

INVESTMENT POSITION

Equations (17), (13), and (14) have the unique solution

′

′

⎧ ′+ +ξ ≤ ≤
⎪
⎨=
⎪

′+ +ξ ≤ ≤∞⎩

s s

s s

a y a y y y y

F y

a y a y y y y

1 1 *
1 1

2 2 *
2 2 2

if 0

( )

if ,

(D1)

(D2)

with Zy = y/d, where a
1
′ = a

2
′ = 0, and

( )

( )( )

s r d

r d r

2
1 1 11

1/222 2
1 11 1

1
/

2

/ 1/2 2 / 1

= − − σ

⎡ ⎤+ − σ − + σ >⎣ ⎦
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( )( )

s r d

r d r
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2 1 12

1/222 2
1 12 1

1
( ) /
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/ 1/2 2 / 0

= − − σ

⎡ ⎤− − σ − + σ <⎣ ⎦

i

K  y y
r d

K K  y y

*
2

1 *
2

if 0

if

⎧ρ− ≤ ≤⎪
⎨− =
⎪ρ− − ≤ ≤∞⎩

r1 = ι

i

d K  y y
d

d K K  y y
11 2

12 2

if 0 *

if *

⎧ = ι− ρ+ ≤ ≤
⎨=

= ι− ρ+ + ≤ ≤∞⎩

y y d   y y d1 11 2 12/ , and / .ξ = ξ =

Notice that ξ
1
y approaches zero as y approaches zero, whereas

ξ
2
y is a perpetuity corresponding to the flow of revenue from

the D-position discounted at the risk-adjusted discount rate
ι – K

2
 – K

i
, but which is also expected to grow at the rate ρ =

µ – λσ. It can be shown that ξ
1
y is the upper bound for F, and

ξ
2
y is its lower bound (Dixit & Pindyck, 1994; Williams,

1992). Furthermore, a
1
ys1 is the value of the opportunity to

develop a D-position in the future, if the income y increases
above its current level, whereas a

2
ys2 is the value of the oppor-

tunity to divest a D-position if the project income decreases
below its current level.

The values of a
1
 and a

2
 in Equations (D1) and (D2) can be

obtained by applying the conditions of continuity of the F
function at y* (Dixit & Pindyck, 1994). By equating (D1)
and (D2), the following expressions for a

1
 and a

2
 are obtained:

( ) ( ) ( )sa r s r d r d s s y 1* 1
1 1 2 1 11 1 11 1 2/ −⎡ ⎤⎡ ⎤= − − −⎣ ⎦⎣ ⎦ (D3)

and

( ) ( ) ( )sa r s r d r d s s y 2* 1
2 1 1 1 12 1 12 1 2/ .−⎡ ⎤⎡ ⎤= − − −⎣ ⎦⎣ ⎦ (D4)

After substituting Equations (D3) and (D4) into Equations
(D1) and (D2), the following expression for F(y) is obtained.

( )

( ) ( ) ( )

( ) ( ) ( )

s

s

r s r d r d s s y y y

y  y y
F y

r s r d r d s s y y y

y  y y

1* *
1 2 1 11 1 11 1 2

*
1

2* *
1 1 1 12 1 12 1 2

*
2

/ /

if 0

/ /

if .

⎧⎡ ⎤⎡ ⎤− − −⎣ ⎦⎣ ⎦⎪
⎪+ξ ≤ ≤⎪
⎨=
⎪⎡ ⎤⎡ ⎤− − −⎣ ⎦⎣ ⎦
⎪
⎪+ξ ≤ ≤∞⎩

APPENDIX E
MARKET VALUE OF AN OPTION POSITION

Because the underlying differential equations have the same
structure, the procedure for determining the market value of
an undeveloped position G(y) is similar to that followed to
solve for F(y). Equations (19), (13), and (15) have a unique
solution:

( )
b y b y  y y

G y
b y b y  y y

1 1 *
1 1 1 1

2 2 *
2 2 2 2

if 0

if ,

′η η

′η η

⎧ ′+ +θ Ω ≤ ≤⎪
⎨=
⎪ ′+ +θ Ω ≤ ≤∞⎩

(E1)

(E2)

with Zy = y/d, where b
1
′ = b

2
′ from Equation (13), and

( )

( )( )

r d

 r d r

2
1 21 21

1/222 2
21 21 21

1
/

2

/ 1/2 2 / 1

η = − − σ

⎡ ⎤+ − σ − + σ >⎣ ⎦

( )

( )( )

r d

 r d r

2
2 22 22

1/222 2
22 22 22

1
/

2

/ 1/2 2 / 0

η = − − σ

⎡ ⎤− − σ − + σ <⎣ ⎦

i

K  y y
r d

K K  y y

*
2

2 *
2

if 0

if

⎧ρ− ≤ ≤⎪
⎨− =
⎪ρ− − ≤ ≤∞⎩

i

r  y y
r

r K  y y

*
21

2 *
22

if 0

/ if

⎧ = ι ≤ ≤⎪
⎨=
⎪ = ι+ ω ≤ ≤∞⎩

( )i

d K  y y
d

d K K  y y

*
21 2

*
22 2

if 0

1 1/ if

⎧ = ι− ρ+ ≤ ≤⎪
⎨=
⎪ = ι− ρ+ + + ω ≤ ≤∞⎩

1 1 0θ Ω =

and

( )i iK F K d2 2 22/ /θ Ω = ω −

with

( )i iK F K2 / .Ω = ω −

Notice the similarities between ξ
2
y (defined above, expres-

sion (D2)) and θ
2
Ω

2
. The latter is a perpetuity corresponding

to the flow of revenue from the capital gain per U-position
resulting from producing one D-position, which is discounted
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at the risk-adjusted discount rate d
22

 + ρ, but which is also
expected to grow at the rate ρ = µ – λσ. Furthermore, θ

1
Ω

1
 is

the upper bound for G, and θ
2
Ω

2
 is its lower bound (Dixit &

Pindyck, 1994; Williams, 1992).
The values of b

1
 and b

2
 in Equations (E1) and (E2) can be

obtained by applying the conditions of continuity of the F
function at y*. By equating (E1) and (E2), the following ex-
pressions for b

1
 and b

2
 are obtained:

( ) ( ) ( )b r r d r d y 1* 1
1 21 2 2 21 21 21 1 2/ −η⎡ ⎤⎡ ⎤= −η − η −η⎣ ⎦⎣ ⎦ (E3)

and

( ) ( ) ( )b r r d r d y 2* 1
1 22 1 22 22 22 22 1 2/ .−η⎡ ⎤⎡ ⎤= −η − η −η⎣ ⎦⎣ ⎦ (E4)

After substituting Equations (E3) and (E4) into (E1) and
(E2), the following expression for G(y) is obtained:

( )

( ) ( ) ( )

( ) ( ) ( )

r r d r d y y y

  y y

G y

r r d r d y y y

  y y

1

2

* *
2 2 2 21 2 21 1 2

*
1

* *
2 2 2 21 2 22 1 2

*
2

/ /

if 0

/ /

if .

η

η

⎧⎡ ⎤⎡ ⎤− η − η − η⎣ ⎦⎣ ⎦⎪
⎪ + θ Ω ≤ ≤⎪⎪
⎨=
⎪
⎡ ⎤⎡ ⎤⎪ − η − η − η⎣ ⎦⎣ ⎦

⎪
⎪ + θ Ω ≤ ≤∞⎩

APPENDIX F
PROOF FOR EQUATION (26)

The function H in Equation (20) satisfies to corner conditions
H(0) < 0 < H(∞). The latter inequality holds under the as-
sumption ρ < ι. Also, at y*, it satisfies y*H′(y*) = K

i
Cη

1
–

[(η
1

– 1)ξ
1

+ (s
1
 – η

1
)χ

1
]y*, from Equations (22), (23), (24),

and (25), with χ
1
 = (r

1
 – s

2
(r

1
 – d

11
))/(r

1
 – d

11
(s

1
 – s

2
)) > 0.

Because the term in brackets is positive, H is increasing at
y* if the following inequality holds true:

( ) ( )iy K C s*
1 1 1 1 1 1/ 1 .⎡ ⎤< η η − ξ + −η χ⎣ ⎦

In this case, it is sufficient to show that Equation (26) can
be the only root of function H on the interval [0,∞]. On the
interval [0,y*], the function H is strictly concave, given Equa-
tions (22), (23), (24), and (25). Because H′(y*) > 0, there is no
root below y*. On the upper interval [y*,∞], the function H is
bounded below:

( ) ( ) ( ) ( )iH y y G y yG CK B y2 y .′> ξ − −ω − ≡

The function B is convex on an initial interval (y*,y0), and
concave on the subsequent interval (y0,∞), with an inflexion
point satisfying y* < y < ∞. Also, B satisfies B″ < H″ for all
y* < y < ∞. Given this lower bound B and the initial condi-
tion H′(y*) > 0, there can be no root on the upper interval
(y*,∞) if B(y)/y ≥ 0 as y → ∞. With Equations (24), (25), and
(20), this result holds if ρ < ι, as assumed.


